Recently, a zero Hall conductance plateau with random domains is experimentally observed in quantum anomalous Hall (QAH) effect. We study the effects of random domains on the zero Hall plateau in QAH insulators. We find the structure inversion symmetry determines the scaling property of the zero Hall plateau transition in the QAH systems. In the presence of structure inversion symmetry, the zero Hall plateau state shows a quantum-Hall-type critical point, originating from the two decoupled subsystems with opposite Chern numbers. However, the absence of structure inversion symmetry leads to mixture between these two subsystems, gives rise to a line of critical points, and dramatically changes the scaling behavior. Hereinto, we predict a Berezinskii-KosterlitzThouless-type transition during the Hall conductance plateau switching in the QAH insulators. Our results are instructive for both theoretic understanding of the zero Hall plateau transition and future transport experiments in the QAH insulators.
Introduction.-Quantum anomalous Hall (QAH) insulator is a new state of quantum matter and has attracted great interests for both its fundamental and application values [1] [2] [3] [4] [5] [6] [7] . It possesses a dissipationless chiral edge mode in the bulk gap, giving rise to a quantized Hall conductance. Initially, the QAH insulator was proposed as a quantum Hall state without external magnetic field [1] . Later, it was predicated that the QAH effect can be realized in topological insulator (TI) thin film with ferromagnetic (FM) ordering to break the time-reversal symmetry by magnetic doping [4] . In a recent experiment, the QAH effect was observed by a standard Hall bar measurement in Cr-doped Bi x Sb 2−x Te 3 thin films with a vanishing longitudinal resistance and a quantized Hall resistance plateau [5] .
Plateau transitions between different quantized Hall conductances feature topological properties of QAH effect and have attracted a lot of attention recently [2, [8] [9] [10] [11] [12] [13] . It was experimentally observed that the critical behaviors of plateau transitions between quantized Hall conductance (±e 2 /h) and zero Hall conductance in the QAH effect is qualitatively consistent with those of quantum Hall effect [10] [11] [12] [13] . However, its critical exponent [11] [12] [13] is deviated from the universal value κ = 0.42 in the quantum Hall effect [14, 15] . In these experiments, when the FM ordering induced exchange field |M z | is greater than the hybridization gap |m 0 | due to coupling between the top and bottom surfaces, the system is a QAH insulator with Chern number C = M z /|M z | and the Hall conductance is quantized to be Ce 2 /h. Notably, a zero Hall plateau (ZHP) with random magnetic domains shows up during the reversal of magnetization [16] [17] [18] . Because the two adjacent magnetic domains have opposite the Chern numbers, there are two chiral edge modes winding around them in opposite directions, respectively [see black and red lines in Fig.1(a) ]. This is reminiscent of the previous studies of random magnetic field effects on two-dimemsional electron gas [19] [20] [21] [22] and two-channel Chalker-Coddington network model [23] [24] [25] . Therefore, it is natural to ask if the random magnetic domains can give rise to novel type of phase transitions for the ZHP. Thus, the QAH insulators in FM TI systems provide an ideal platform to study effects of various types of disorder on the scaling properties of plateau transitions.
In this work, we study the effects of random domains on a magnetic TI thin film [see Fig.1(a) ] with disorder. In the presence of structural inversion symmetry, this system can be divided into two subsystems describing two domain walls species with up and down magnetization, respectively [see Figs.1(b) and (c)]. It is found that each subsystem with the same domain species is topological equivalent to a Chern insulator (CI) with Chern number C ± = 1 or −1 [see Fig.1(d) ]. Under this circumstance, the chiral edge states on the boundaries of the same domain species may tunneling through each other with increasing disorder strength, giving rise a quantum-Hall-type phase transition. On the other hand, we find that the system undergoes a line of critical points with divergent correlation length ξ, when two domain species are mixed by structural inversion asymmetry (SIA). The SIA is caused by the potential difference between the top and bottom surfaces, and commonly exists in present experimental QAH systems. Moreover, we show that the quantum-Hall-type phase transition or the critical line originate from the robustness of spinChern number, which is determined by the existence or absence of the structural inversion symmetry. We predict that without SIA the phase transition between ZHP and the quantized Hall conductance plateau belongs to the Berezinskii-Kosterlitz-Thouless (BKT)-type, which can be verified in the future transport experiments.
Model Hamiltonian.-We start with a 4 × 4 effective Hamiltonian H of magnetic doped TI thin film, which can be written as [4] 
where m k = m 0 − m 1 k 2 are caused by the effective coupling between the top layer and bottom layer with the momentum k. The model parameters m 0 and m 1 are determined by the thickness of TI films. v F is the Fermi velocity of the surface states in TI. Here σ x,y,z and τ x,y,z are the Pauli matrices. M z (r) represents spatialdependent exchange field in z direction and can simulate the domain effect in magnetic TI [26] . The SIA term H SIA = U A τ x + V A (r)τ x , where U A and V A (r) measure the uniform and disordered parts of potential difference between the top and bottom surfaces, respectively. The SIA disorder V A (r) and diagonal disorder V d (r) are independent and they are uniformly distributed in [−W/2, W/2] with the disorder strength W .
Quantum-Hall-type transition.-In the absence of the SIA term H SIA , the Hamiltonian H is block-diagonalized into two subsystems h ± . In the clean limit, the magnetization is spatially uniform [M z (r) = M z ] and the system is a QAH insulator with total Chern number
with m 0 < 0 and m 1 > 0.
Next we come to investigate the effects of random domains on the ZHP state in the magnetic TI thin film. In the simulations, we discrete the model Hamiltonian H on a square lattice (with lattice constant a = 1) and set the Fermi velocity v F = 1, m 1 = 1, m 0 = −0.5, and |M z (r)| = 3. In Fig.1(a) , the magnetic TI sample is divided into 8 × 8 supercells with the signs of magnetization M z (r) randomly chosen to be up (+) and down (-) to simulate the random domains. Due to the structure inversion symmetry, the Hamiltonian H is block diagonalized. Thus the system can be divided into two subsystems to describe two kinds of random magnetic domains as shown in Figs.1(b) and (c), respectively. Remarkably, we find that the two subsystems are topologically equivalent to two CIs with opposite Chern numbers C ± = ±1 as shown in Fig.1(d) . Therefore, the whole system is topological nontrivial with a quantized spin-Chern number [28, 29] , even though the total Chern number C = (C + + C − ) (and thus the Hall conductance) is zero. Here the Chern numbers C ± of the two subsystems are calculated by non-commutative Kubo formula [30, 31] 
using periodic boundary conditions in both x and y directions, where ... is ensemble-averaged over random configurations and (x,ŷ) denotes the position operator. P ± is spectral projector onto the positive/negative eigenvalue of P τ z P with P the projector onto the occupied states of H. Generally, the Chern numbers C ± of the two subsystems are quantized, as long as spectrums for both H and P τ z P are gapped [30, 31] . In the presence of structure inversion symmetry, H is block diagonalized in two subsystems h ± . Thus, τ z commutes with P and the spectrum P τ z P is gapped and isolated at ±1. When the SIA term turns on, τ z no longer commutes with P and therefore the eigenvalues of P τ z P spread between the interval [−1, 1]. However, the spectrum of P τ z P will remain gapped as long as SIA term does not exceed a critical value [30, 31] . To calculate the localization length, we consider a 2D cylinder sample of length L x and width L y = L with a periodic boundary condition y direction. The localization length λ is calculated using the transfer matrix method [32] [33] [34] . In general, the renormalized localization length Λ ≡ λ/L increases with L in a metallic phase, decreases with L in an insulating phase, and is independent of L at the critical point of the phase transition. For simplicity, we consider the upper block of the system with random domains as show in Fig.1(c) , which can be described by the Hamiltonian h + (k) in Eq.1. In Fig.2 , we find Λ decreases with L on both sides of the critical point at diagonal disorder strength W c ≈ 2.7 [see Fig.2(a) ] while the Chern number C + decreases by one [see Fig.2(d) ]. This implies a quantum-Hall-type phase transition between a CI and a normal insulator (NI). To test the one-parameter scaling theory [32] [33] [34] , we show that all the data of Λ for W > W c collapse to a single curve by a scaling function Λ = f (L/ξ), where the correlation length scales by ξ ∝ (W − W c ) −ν with critical exponent ν = 2.35 ± 0.16 and critical disorder strength W c = 2.71 ± 0.07. The critical exponent ν is in consistence with that of quantum Hall effect [23, [35] [36] [37] . Moreover, because the time-reversal symmetry is restored on average in the presence of random magnetic domains, lower block of the system h − (k) in Eq.1 is equivalent to CI with C − = −1. As a consequence, the two sub-blocks of the system with opposite random domain species are topologically equivalent to two CI states with opposite Chern numbers C ± = ±1. We called it spin CI, which has a quantized spin-Chern number C s = 1 [28, 38, 39] . A line of critical points.-Generally, the two subblock systems h ± are coupled by the SIA term H SIA and we shall consider the whole system by Hamiltonian H. When the inversion symmetry is broken by random SIA potential V A , we find a line of critical points with dΛ/dL = 0 between two insulating phases in Fig.3(b) . Such a line of critical points coincide with the BKTtype phase transition discovered in two-dimemsional electron gases with random magnetic field or with random spin-orbit scattering [20] [21] [22] . The key feature about the BKT transition is that the correlation length ξ diverges as ξ ∝ exp[α(W − W c ) −1/2 ] on the localized side with critical disorder strength W c and parameter α [20, 21] . In Fig.3(c) , we find all the data collapse to a single curve (see the inset) and the data for ln ξ can be fitted with linearly function of (W − W c ) −1/2 . This supports the transition belonging to the BKT-type. Repeating this procedure at different values of E F maps out the phase diagram on the E F − W plane in Fig.3(a) . In the absent of BIA disorder (W = 0), the two sub-block systems h ± are decoupled and they share the same critical point at E F ≈ 0.66. Then h ± are coupled by BIA disorder for W > 0 and the extended states at critical point spread into a critical region. These extended states go towards band center (E F = 0) with increasing W , closing the band gap of spin CI at W ≈ 4.6, and they are all localized in strong disorder limit. Furthermore, we find that the spin-Chern number C s ≡ (C + −C − )/2 is quantized to be one in spin CI phase and then it gradually loses quantization with increasing W in Fig.3(d) . When the system enters a line of critical points and thus the band gap closes, the spin-Chern number C s is no longer quantized and it goes zero for NI phase. The consistency between the phase behaviors obtained from the spin-Chern number and those determined from the localization length demonstrates the reliability of the obtained results. Next, we provide a phenomenological view to the BKT-type transition discovered above. The BKT transition is a phase transition from the binding to unbinding of vortex-antivortex pairs in the two-dimensional XY model. It was previously shown that a two-dimensional electron gas in a random magnetic field undergoes a disorder-driven BKT-type metal-insulator transition [21] . Two different kinds of magnetic domains in the random field system correspond to the vortex and antivortex excitations in the XY model. In the present case, the system possesses random magnetic domains due to random magnetization. These random magnetic domains are divided into the up (+) and down (-) domain species with opposite Chern numbers. This resembles the behaviors of the two-dimensional electron gas in a random magnetic field. Now the BKT transition is driven by the binding and unbinding of the up (+) and down (-) domain species.
Phase diagram-We summarized the main results in the phase diagram on the plane of diagonal disorder strength W (in V d ) and spatial averaged magnetization M z (r) , which is normalized to saturated magnetization M s = 3. In general, the spin CI is separated from Chern/normal insulator by a single critical point [open dots guided by dash lines in Fig.4.(a) ] or a line of critical point [critical region between red solid lines in Fig.4.(a) ] when the SIA potential difference U A = 0 or U A = 0.05, respectively. For M z (r) = 0, the system is a spin CI with the equal population of up (+) and down (−) domains as we discussed above. If the structure inversion symmetry is present with U A = 0, we find a single critical point between spin CI and NI phases. On the other hand, we find a line of critical points before all the states are all localized by the disorder if U A = 0.05. By flipping the magnetization of the domains to up (+) direction, M z (r) will gradually increases to M s until the system is in a single domain state. During this process, one species of the domain shrinks while the other expands and the system turns from a spin CI to a CI. The system shows a critical point or a critical region for U A = 0 or U A = 0.05, respectively. Our numerical results has important implications for transport experiments of the QAH effect. In Fig.4(b) , we show the Hall conductance σ xy ≡ Ce 2 /h as a function of spatial averaged magnetization M z (r) with U A = 0.05 and W = 1. We find that a ZHP (σ xy = 0) in the spin CI phase is separated from the quantized Hall conductance σ xy = e 2 /h by a critical region as indicated by dotted line in the phase diagram in Fig.4(a) . Therefore, we predict that such a phase transition from the ZHP to the quantized Hall conductance plateau belongs to the BKT-type. We note that the phase transition from the ZHP to the quantized Hall conductance plateau becomes quantumHall-type for large disorder W > 3, because the spin CI phase is now replaced by the NI phase in Fig.4(a) .
Conclusion-In summary, we find that the random domains in magnetic TI has important effects on topological properties of the ZHP state. The ZHP state with equal population of up and down domains are topologically equivalent to two CIs with opposite Chern numbers. It is found that the ZHP state goes through a critical point or a critical line in the presence or absence of the structure inversion symmetry, respectively. Especially for the realistic QAH systems with SIA, we predict a BKT-type phase transition between the ZHP and the quantized Hall plateau.
